A strong candidate for a source of gravitational waves is a highly magnetised, rapidly rotating neutron star (magnetar) deformed by internal magnetic stresses. We calculate the mass quadrupole moment by perturbing a zeroth-order hydrostatic equilibrium by an axisymmetric magnetic field with a linked poloidal-toroidal structure. In this work, we do not require the model star to obey a barotropic equation of state (as a realistic neutron star is not barotropic), allowing us to explore the hydromagnetic equilibria with fewer constraints. We derive the relation between the ratio of poloidal-to-total field energy Λ and ellipticity ǫ and briefly compare our results to those obtained using the barotropic assumption. Then, we present some examples of how our results can be applied to astrophysical contexts. First, we show how our formulae, in conjunction with current gravitational wave (non-)detections of the Crab pulsar and the Cassiopeia A central compact object (Cas A CCO), can be used to constrain the strength of the internal toroidal fields of those objects. We find that, for the Crab pulsar (whose canonical equatorial dipole field strength, inferred from spin down, is 4 × 10 8 T) to emit detectable gravitational radiation, the neutron star must have a strong toroidal field component, with maximum internal toroidal field strength B tm = 7 × 10 12 T; for gravitational waves to be detected from the Cas A CCO at 300 Hz, B tm ∼ 10 13 T, whereas detection at 100 Hz would require B tm ∼ 10 14 T. Using our results, we also show how the gravitational wave signal emitted by a magnetar immediately after its birth (assuming it is born rapidly rotating, with Λ 0.2) makes such a newborn magnetar a stronger candidate for gravitational wave detection than, for example, an SGR giant flare.
them good candidates for gravitational wave sources (Bonazzola & Gourgoulhon 1996; Melatos & Payne 2005; Stella et al. 2005; Haskell et al. 2008; Dall'Osso et al. 2009) .
In this paper, we explore the relation between magnetic field configuration (particularly the relative strengths of the toroidal and poloidal components) and ellipticity. We do this by starting with a model star in hydrostatic equilibrium and impose an axisymmetric magnetic field on it, matched to an external dipolar field to ensure a well-posed problem. We treat the magnetic force as a perturbation on this equilibrium and calculate the resulting small changes in pressure and density. A similar calculation of the ellipticity has been done for purely toroidal fields in type II superconducting neutron stars by Akgün & Wasserman (2008) . Theoretical arguments, as well as the properties of pulsar glitches, strongly suggest that superfluids (likely including superconducting protons) exist in the interior of neutron stars (Link, Epstein, & Baym 1993; Yakovlev, Levenfish, & Shibanov 1999) . While superfluidity may have a significant impact on the allowable magnetohydrodynamic equilibria, we ignore this effect in the present study [as also done, e.g., by Haskell et al. (2008) , Jones (2009), and Ciolfi, Ferrari, & Gualtieri (2010) ]. Also, while our field (described in Sec. 2) superficially resembles the 'twisted torus' of Ciolfi, Ferrari, & Gualtieri (2010) , our calculation is purely non-relativistic and, unlike Colaiuda et al. (2008) , we do not include quadrupolar (and higher-order multipoles) fields in our calculation.
The main novelty of this paper, compared to previous works on the subject [such as Colaiuda et al. (2008) , Haskell et al. (2008) , Jones (2009), and Ciolfi et al. (2010) ], is that we do not require the star to be barotropic, i.e., we do not require it to have a one-to-one relation between pressure and density, p = p(ρ). The reason for this is that neutron star matter is a multi-species fluid, in which different kinds of particles co-exist, at the very least neutrons, protons, and electrons. The relative abundances of these particles can be adjusted by weak interactions (such as beta decays; Urca processes in astrophysical jargon) and diffusive processes. However, the time-scales for these processes are much longer than the time for the fluid to reach a hydromagnetic equilibrium (force balance) state, which is likely to happen in a few Alfvén times (of order seconds). In the process of settling to this hydromagnetic equilibrium, each fluid element is free to move following the relevant forces, but it conserves its composition (relative abundances of species), which will thus not be exactly a function of pressure and density. Once the equilibrium is reached, the star will be radially stratified (Pethick 1992; Reisenegger & Goldreich 1992) to zeroth order, but the spherical symmetry (and with it the stratification) will be slightly perturbed by the presence of the magnetic field.
On time-scales intermediate between the Alfvén time and the weak interaction and diffusion time-scales, the star will thus be in a hydromagnetic equilibrium state in which the composition is not strictly determined by the density or pressure, and the latter thus do not have a one-to-one correspondence with each other. The present study applies to this regime, considering a hydromagnetic equilibrium state described as a spherically symmetric, non-magnetic background in which both pressure and density depend only on the radial coordinate, plus small, non-axisymmetric pressure and density perturbations, caused by the presence required to balance the Lorentz force, and which are not directly related to each other, due to the position-dependent composition.
In this state, the particles will not be in equilibrium with respect to weak interactions or diffusive processes. The latter will act on longer time-scales, changing the composition and thus the density and pressure perturbations, and thus causing a long-term evolution of the magnetic field (Goldreich & Reisenegger 1992; Reisenegger 2009 ). These processes have been studied in some detail in a simplified, one-dimensional model (Hoyos, Reisenegger, & Valdivia 2008 , which is being extended to a more realistic, axially symmetric geometry (Becker et al. 2011) . When these non-ideal MHD processes become relevant, the ideal, non-barotropic MHD equilibrium studied in this paper most likely breaks down. At least during an important part of this later evolution, the neutron star matter is likely to be describable as two independent fluids, as done by .
Analytically, imposing barotropy means requiring that the magnetic force per unit mass is expressible as a gradient (Prendergast 1956; Monaghan 1965; Akgün & Wasserman 2008) . Relaxing this constraint for the reasons explained above enables us to explore a greater range of equilibria (Reisenegger 2009 ).
2
In Section 2, we describe our model in detail, starting with the zeroth-order hydrostatic equilibrium and perturbing it magnetically. In Section 3, we derive a simple formula relating the ellipticity ǫ to the magnetic energy, the poloidal-to-total magnetic energy ratio, and the mass and radius of the star, for steady states with a parabolic density profile or a polytropic equation of state with index n = 1. We also compare our results to those obtained by Haskell et al. (2008) , who assumed barotropy. The formula for ǫ has several astrophysical applications. In Section 4, we discuss these and compare our work to previous studies in the literature, such as Cutler (2002) . We apply our results to gravitational wave emission from a newly born, rapidly rotating magnetar. We discuss the possibility of detecting the gravitational-wave signal from a newly born magnetar in the Virgo cluster and relate its detectability (quantified by the signal-to-noise ratio) to the magnetic field configuration, emphasizing the poloidal-toroidal energy ratio. We then apply our formulae, together with the current upper limits from the Laser Interferometer Gravitational-Wave Observatory (LIGO), to constrain the strength of the toroidal fields of the Crab pulsar and the Cassiopeia A central compact object. We summarize our results and discuss further applications and refinements of our idealised model in Section 5.
HYDROMAGNETIC PERTURBATION
Let (r, θ, φ) be the spherical polar coordinates, with r expressed in units of the stellar radius R * (so that it is dimensionless). As in Akgün et al. (2011) , we choose a magnetic field configuration such that: (1) ∇ · B = 0 is satisfied; (2) the magnetic field is axially symmetric around the z-axis; (3) the poloidal component of the field is continuous with an external dipole field, which vanishes as r → ∞; (4) there are no surface currents (the tangential, toroidal component vanishes at the surface); (5) the toroidal component is confined to the region of closed poloidal field lines around the neutral line (on which the poloidal component vanishes); and (6) the current density remains finite and continuous everywhere in the star. We write the magnetic field inside the star in the form pioneered by Chandrasekhar (1956) , as a sum of toroidal and poloidal components,
where ηp and ηt are dimensionless parameters which define the relative strengths of the poloidal and toroidal components, respectively. The flux function α(r, θ) is taken to be f (r) sin 2 θ. Note that this particular form of α(r, θ) is only applicable when we try to match our field to an external dipole field; other multipoles will have different θ-dependences. The radial dependence of α is defined by
The function f (r) is postulated to be of this form to ensure that the field described by Eqs. (1)- (3) is continuous with a dipole field outside the star, that there are no surface currents, and that the current density is finite at the origin [for a more thorough derivation, see Akgün et al. (2011) ]. The function β(α) is chosen as
which ensures that the toroidal field is confined to the region where α exceeds 1, the value taken by α at r = 1, θ = π/2, with the current density going continuously to zero at this boundary. The magnetic structure described by Eqs. (1)- (3) is drawn schematically in Fig. 1 . The field lines lie on surfaces of constant α. The toroidal component is completely restricted to the shaded region, which is bounded by the surface α(r, θ) = 1. Note that both the toroidal and poloidal components are continuous across α = 1, so that there are no surface currents at α = 1, either inside the star or on the surface at the equator. The poloidal component inside the α 1 region (the shaded region) lies on nested tori around the neutral line, with the strength of the poloidal component continuously decreasing towards the neutral line. Outside the star, the poloidal component is matched to a dipole field, consistent with α(r, θ) ∝ sin 2 θ. If the magnetic field is treated as a perturbation on the background 3 , we can write the force balance equation to first order in B 2 /µ0p as
where the Cowling approximation has been taken (i.e., δΦ = 0). Note that we do not require the density perturbation δρ to be a function of the pressure perturbation δp (the barotropic assumption). Therefore, the magnetic field is not required to satisfy the Grad-Shafranov equation. Substituting the field given by Eqs. (1)- (3) into Eq. (4) gives 3 Care must be taken, however, that neither the poloidal nor the toroidal component of the field approaches the virial limit,
where the magnetic field energy is equal to the gravitational binding energy (Lattimer & Prakash 2007) . The exact value of this limit depends on actual field structure. In fact, Reisenegger (2009) showed that the upper limit is set by stable stratification at ∼ 10 13 T. 4 Throughout this paper, we use SI units. 1 T = 10 4 G.
with the operator∆
The θ-component of the right-hand side of the force balance equation (5) gives ∂(δp)/∂θ, which is integrated with respect to θ to give δp. Then δρ is obtained from the radial component of (5). Thus, we write
where C0 is a constant, needed to ensure δp is continuous across α = 1. In this particular case, where the field is defined by Eqs. (1)- (3), we find C0 = −11/6. Equations (7)- (8) are applicable to the region where α 1; to obtain similar expressions for the α < 1 region (where the toroidal field vanishes), one simply sets ηt = 0. An arbitrary function of radius h(r) can be added to δp. This is equivalent to changing the background profile by a spherically symmetric function, hence it does not affect the mass quadrupole moment, which is the focus of this paper. For computational simplicity, this function is set to zero (so that δp vanishes along the z-axis). Note that, while both the Lagrangian and Eulerian pressure perturbations vanish at the surface, the Eulerian density perturbation [Eq. (8)] does not (only the Lagrangian perturbations need to be zero at the perturbed surface).
We integrate the squares of the toroidal and poloidal components of the magnetic field over all space (including the vacuum, to r → ∞) to obtain their energies. We can write the total magnetic energy Em as
with the dimensionless constants ap = 8.48 and at = 1.65 × 10 −5 . We can then express the ratio of the energy of the poloidal magnetic field component to the total magnetic energy as Λ
with q = 1.95 × 10 −6 . By definition, one has 0 Λ 1, where Λ = 0 and Λ = 1 represent a star with a purely toroidal and a purely poloidal field, respectively.
In Fig. 2 , we plot δp and δρ(dΦ/dr) for various values of Λ, in units of B 2 0 /µ0, taking ηp = 1 without loss of generality. In the first column, we plot µ0δp/B 2 0 (solid curves) and µ0δρ(dΦ/dr)/B 2 0 (dashed curves) along θ = π/2 as a function of r for some values of Λ, to show how the internal toroidal magnetic field gradually changes the pressure and density distributions. In the purely poloidal case, δp has a maximum at r = 0.54. As the toroidal field strength increases (i.e., as Λ < 1), local minima for δp and δρ(dΦ/dr) develop straight away at r = 0.78 (where the toroidal part of the magnetic field has a maximum), which eventually become global minima. In a sense, the pressure and density perturbations which are solely due to the poloidal field (the peak at r = 0.54) are gradually overwhelmed by the perturbations caused by the strengthening toroidal field component (the peak at r = 0.78). In the second and third columns, we plot contours of µ0δp/B 2 0 and µ0δρ(dΦ/dr)/B 2 0 in a meridional quadrant, to show their dependence on the polar angle. Note how the contours are clustered around the new minimum at r = 0.78, created by the increasingly stronger toroidal component, as Λ decreases.
MAGNETICALLY INDUCED DEFORMATION

Ellipticity
The gravitational wave strain generated by a rotating rigid body is directly proportional to its ellipticity. Hence, our first step is to calculate the ellipticity of the star due to the magnetic configuration given by Eqs. (1)- (3). The ellipticity ǫ is defined as where I0 is the moment of inertia of the spherical star. The moment-of-inertia tensor is given by
which allows us to rewrite (11) as ǫ = πR
Roughly speaking, the ellipticity induced by the magnetic field is proportional to the magnetic energy, which determines δρ, as is evident from Eq. (8). We wish to know how the details of the magnetic configuration, specifically Λ, control ǫ. Below, we apply our model to two different unmagnetized steady states. We show the density and dΦ/dr profiles for these unmagnetized steady states in Fig. 3 (a) and (b), respectively.
Parabolic steady state
In the absence of a magnetic field, the star is in a spherically symmetric hydrostatic equilibrium. Here, we consider the simple density profile (Akgün et al. 2011 )
where ρc = 15M * /(8πR 3 * ) is the density at the centre. The gravitational acceleration (i.e., the gradient of the gravitational potential ∇Φ) corresponding to this steady state is
where M * and R * denote the mass and radius of the star, respectively and G is Newton's gravitational constant. From the gravitational acceleration, we obtain the pressure profile 
where pc = 15GM 2 * /(16πR 4 * ) is the pressure at the centre. We emphasize that this is a particular, simple choice of density profile, chosen to render the following calculations tractable; it is not motivated directly by physical arguments or observations. 
where B surface is the surface magnetic field strength at the equator; we have B surface = ηpB0 in our formulation.
Polytropic steady state
For comparison, we also consider the n = 1 polytropic star, whose zeroth-order density and pressure configurations are given by (Akgün & Wasserman 2008; Dall'Osso et al. 2009 )
The gradient of the gravitational potential is
For this steady state, Eq. (13) 
We plot ǫ as a function of Λ for an n = 1 polytropic star as the dashed curve in Fig. 4 . Note that, like in the parabolic steady state, the ellipticity in the n = 1 polytropic steady state case also vanishes at Λc ≈ 0.39. Equations (17) and (21) show that the n = 1 polytrope and the parabolic steady states give ellipticities within 5% of each other. For consistency and analytic simplicity, throughout the rest of this paper, we use the parabolic steady state to calculate ellipticity. 
Comparison with Haskell et al. (2008)
We now briefly compare our result to that obtained by Haskell et al. (2008) . The latter authors postulate an n = 1 polytropic star which also obeys the barotropic condition. This restricts the form of the magnetic field, as the (first-order) density and pressure perturbations are required to be proportional to each other. The magnetic field in Haskell et al. (2008) is characterized by the discrete eigenvalue λ (not to be confused with our Λ), as described by Eqs. (B.6)-(B.10) of that paper. Furthermore, Haskell et al. (2008) do not make the Cowling approximation. Otherwise, the two methods are fundamentally similar: begin with an unmagnetized steady state in hydrostatic equilibrium, apply an axisymmetric magnetic field, assume the departure from the hydrostatic equilibrium caused by the magnetic field is small enough to be treatable as a perturbation, then calculate the perturbations to pressure and density due to the applied magnetic field. Haskell et al. (2008) present their results for ǫ as a function of λ (and, hence, volume-averaged absolute values of the toroidal and poloidal field strengths Bt and Bp) in their Table 1 [see also the associated Erratum (Haskell et al. 2009 )]. We calculate ǫ for our field configuration using Eq. (21) and compare our ǫ to those obtained by Haskell et al. (2008) for the same values of internal poloidal-to-total field energy ratios in Table 1 (where we also show the corresponding values of Λ). We emphasize here that a direct comparison between the results of Haskell et al. (2008) and ours is not entirely appropriate, because we use very different field configurations. However, by using Table 1 , we simply wish to illustrate how the resulting ellipticities are very different, even when using the same poloidal-to-total field energy ratios.
As Haskell et al. (2008) did, we find that the star is always prolate for the chosen field configuration and toroidal field strengths, and becomes more prolate as the toroidal field component grows. We generally find larger values of ǫ for smaller λ and smaller ǫ for larger λ. We caution the reader again that we and Haskell et al. (2008) use different magnetic field configurations:
• our toroidal field is concentrated within an equatorial torus, while that of Haskell et al. (2008) is not confined to this region, varies smoothly across the stellar interior (with the number of oscillations controlled by λ), and vanishes at the origin, the stellar surface, and the z-axis;
• our poloidal field is continuous with an external dipole field, whereas that of Haskell et al. (2008) vanishes at the surface;
• the comparisons we make in this section are between states with the same internal poloidal-to-total field energy ratios.
While our methods also differ in that we take the Cowling approximation whereas Haskell et al. (2008) do not, we contend that it is the fundamental difference between field configurations that causes the discrepancies in ǫ seen in Table 1 . To illustrate this further, we show the contour plot of µ0δρ(dΦ/dr) [i.e., the radial component of the force balance equation Eq. (4)] for λ = 7.459 as Fig. 5 . Note how the radial component of the internal poloidal field lines of the configuration used by Haskell et al. (2008) vanishes at the surface of the star (Fig. 5 .c, left panel), unlike our field configuration, where the radial component is continuous with a dipole field outside the star (Fig. 5.c, right panel) . As an aside, in the context of accreting neutron stars, Haskell et al. (2006) have shown that abandoning the Cowling approximation alters the possible maximum surface deformation (due to accreted mountains), and ellipticity, by a factor of 0.5-3 (depending on the density profile chosen). While this is a different physical phenomenon than the one discussed here (i.e., deformation due to accretion rather than 2.7 × 10 9 1.62 × 10 −3 −3.5 × 10 −10 −5.5 × 10 −10 0.64 33.491 3.5 × 10 9 9.65 × 10 −4 −6.6 × 10 −10 −9.3 × 10 −10 0.71 58.495 9.3 × 10 9 1.37 × 10 −4 −5.6 × 10 −8 −6.95 × 10 −9 8.06 318.499 4.8 × 10 10 5.14 × 10 −6 −2 × 10 −6 −1.85 × 10 −7 10.81 due to internal magnetic fields), this result indicates that taking the Cowling approximation may change our ellipticities by a factor of order unity. Of course, a full calculation needs to be undertaken to determine if this is truly the case, and, if it is indeed so, whether the Cowling approximation increases or lowers ellipticities.
GRAVITATIONAL-WAVE ASTROPHYSICAL LIMITS ON ǫ AND Λ
Equations (10) and (17) allow us to use observational limits on ellipticity to constrain the strength of the internal toroidal field component. There are many possible contexts in which we can apply these ideas and results. In this section, we look at two illustrative applications:
• isolated pulsars with or without timing solutions;
• birth of isolated magnetars.
Upper limit of gravitational radiation from the Crab pulsar
Recent Laser Interferometer Gravitational-Wave Observatory (LIGO) Science Run 5 observations of the Crab pulsar have put limits on its ellipticity (Abbott et al. 2008 (Abbott et al. , 2010 . Using Eq. (17) and these data, we can constrain the strength of the surface and internal magnetic fields of the Crab pulsar. In Table 2 , we list the lower limits of Λ based on the latest upper limits of detection from LIGO and the planned Einstein Telescope in its B (Hild, Chelkowski, & Freise 2008) or C (Hild et al. 2010) configuration. From the fundamental definition of Λ [Eq. (10)] and the magnetic field defined by Eqs. (1)- (3), we can express the maximum of the internal toroidal field Btm as a function of B0 and Λ to facilitate comparison:
To give a numerical example, for B surface (the surface dipole field at the equator, equivalent to ηpB0 in our formulation) corresponding to the theoretical value for pure dipole braking (namely 3.8 × 10 8 T) and Λ = 0.4 (i.e., Btm = 8.4 × 10 9 T) we find ǫ = 8.7 × 10 −12 , which is much lower than the LIGO upper limit. It is clear that, if indeed the surface magnetic field strength is B surface ∼ 10 8 T, as inferred from electromagnetic spin down, detection of gravitational waves from the Crab pulsar is only possible if the star is prolate with a very strong toroidal component (Λ 10 −6 , corresponding to Btm 1.82 × 10 12 T). In other words, the poloidal field alone cannot deform the Crab pulsar enough to be detectable as a gravitational wave source by LIGO and the planned Einstein B or C; a strong internal toroidal field is required to deform the star into a high-|ǫ| prolate shape. Indeed, if gravitational waves were to be detected from the Crab pulsar, the analysis presented in this paper offers a method to infer the strength of this internal toroidal field.
The case of Cassiopeia A Central Compact Object
The supernova that gave birth to the supernova remnant Cassiopeia A (henceforth Cas A) was probably observed in 1680 (Ashworth 1980) , although the central compact object (CCO), hypothesized to be a neutron star, was only positively identified as a bright X-ray point source in 1999 (Tananbaum 1999) , making this one of the youngest neutron stars in our Galaxy (Ho & Heinke 2009 ). Because the location of the CCO is well known, it makes for an attractive target for a directed gravitational wave search with LIGO (Wette et al. 2008 ). Table 2 . Inferred minimum Λ min of the Crab pulsar, using Eq. (17), based on the upper limits of gravitational wave strain (h 0 ) from various gravitational wave detectors (Abbott et al. 2008 (Abbott et al. , 2010 Bennett 2010) . We note that, in the case of the Crab pulsar, because of its (relatively) weak magnetic field strength, significant wave strain can only be achieved if the star is highly prolate. While the location of the CCO is well known, it has no detectable pulse in any electromagnetic band, rendering it impossible to measure its rotation frequency 5 , frequency derivative, and magnetic field a priori (Wette et al. 2008) . However, recent analysis has shown that a neutron star model with a low magnetic field can explain the Cas A observations (Ho & Heinke 2009) . After fitting several different atmospheric models (namely blackbody, pure hydrogen, helium, carbon, and nitrogen) to the measured X-ray spectrum, Ho and Heinke (2009) concluded that the Cas A CCO is most likely a neutron star with a carbon atmosphere, radius 8-17 km, mass 1.5-2.4 M⊙, and upper limit of 10 7 T for the magnetic field. For this set of physical parameters, our model predicts ǫ ∼ 10 −15 if the internal field is purely poloidal. Therefore, we expect the star to be prolate with a large toroidal component (a very low Λ) if it is to approach the LIGO upper limits estimated by Wette et al. (2008) and Wette (2010) .
Based on the Ho and Heinke (2009) conclusions and the most recent upper limits on the ellipticity set by LIGO, obtained from indirect upper limits on intrinsic gravitational wave strain (Wette 2010), we can now set lower limits on Λ of the Cas A CCO (i.e., upper limits on the toroidal field strength). Assuming M * = 1.5M⊙, R = 10 4 m, we take the upper limits on ǫ for four different putative gravitational wave frequencies f (twice the spin frequency): 100, 150, 200, and 300 Hz. We then plot the lower limit on Λ as a function of the (unknown) surface field strength in Fig. 6 . The curves in Fig. 6 thus indicate the Λ needed at various B surface for detection by LIGO at 100 (dotted curve), 150 (dashed-dotted curve), 200 (dashed curve), and 300 Hz (solid curve); the region to the left and above each curve generates ǫ that is below the sensitivity limits of LIGO. The LIGO upper limits for ǫ at lower f are higher [e.g., ǫ = 3.6 × 10 −4 at f = 100 Hz, see Fig. 4 of Wette (2010) ], hence the smaller limits on Λ at lower frequencies seen in Fig. 6 .
While the corresponding limits for the internal magnetic field strength may seem to be very large (even approaching B virial at low f ), note that, given the lack of other information to constrain Btm, these are merely upper limits. From Fig. 6 and Eq. (22), we see that our model predicts that, for gravitational waves to be detected from Cas A at 300 Hz, the CCO must have Btm 4 × 10 13 T (if it has mass 1.5 M⊙ and radius 10 4 m) or Btm 2 × 10 13 T (if it has mass 2.4 M⊙ and radius 1.7 × 10 4 m); for gravitational wave detection at 100 Hz, the CCO must have Btm 1.2 × 10 14 T (if it has mass 1.5 M⊙ and radius 10 4 m) or Btm 6.5 × 10 13 T (if it has mass 2.4 M⊙ and radius 1.7 × 10 4 m).
Detectability of gravitational wave signals from newly-formed magnetars in the Virgo cluster
According to certain evolutionary scenarios, magnetars are hypothesized to be born with periods P ∼ 1 ms (Thompson & Duncan 1993; Yi & Blackman 1998; Dall'Osso et al. 2009 ). If so, significant amounts of gravitational radiation may be emitted during a magnetar's early days (Dall'Osso & Stella 2007; Dall'Osso et al. 2009 ). Gravitational radiation is maximal when the symmetry axis is orthogonal to the spin axis, and the spin down of a neutron star (including a magnetic contribution with arbitrary braking index n) is then given by (Shapiro & Teukolsky 1983; Melatos 1997; Wette et al. 2008; Dall'Osso et al. 2009; Chung et al. 2010 
and the rate of rotational energy loss is given bẏ
where, again, B surface is the surface dipole field at the equator (equivalent to ηpB0), and n is the braking constant. It has been suggested by Thompson et al. (2004) that a newly born magnetar can be a good candidate for gravitational wave detection during the first 100 s of its life. Firstly, using our model, assuming that the magnetar is born with initial period of 1 ms, surface equatorial dipole field of 5 × 10 10 T, radius of 10 km, mass of 1.4 M⊙, Λ = 0.8, 6 we find that the effects of gravitational spin down on the period are negligible compared to the electromagnetic spin down. Spin down purely due to gravitational wave emission can only increase the newborn magnetar's period by 10 −3 %, whereas pure electromagnetic spin down can more than double the period within these first 100 s [cf. top left panel of Fig. 5 of Thompson et al. (2004) ]. Even though the effect on spin down is marginal, the power emitted in gravitational radiation during these first 100 s may still be significant. Thus, we plot the gravitational rotational energy extracted from this newly born, rapidly rotating magnetar in the first 100 s as Fig. 7 [cf. bottom left panel of Fig. 5 of Thompson et al. (2004) ]. Note the close quantitative correspondence between our strongly poloidal case (0.9 Λ 1) and their Case C. Our Fig. 7 also shows that energy output cannot distinguish between the 0.9 Λ 1 case and 0.22 Λ 0.25. We also plot the gravitational wave energy upper limits from SGR 1806-20 giant flare observations and SGR 1900+14 simulated storm search (Kalmus et al. 2009 ) for rule-of-thumb comparison (despite their astrophysically different natures). It is clear that a newly-born, fast-rotating magnetar with Λ 0.2 can be a significant source of gravitational waves, stronger than an SGR giant flare, and thus a promising target for gravitational wave searches during its first 100 s.
Cutler (2002) and Stella et al. (2005) [further refined by Dall'Osso et al. (2009) ] approximated the optimal matchedfilter signal-to-noise (S/N ) ratio of newly born magnetars in the Virgo cluster by integrating the instantaneous signal strain amplitude over the frequency range fi f f f (fi is the initial, 'birth' spin frequency of the magnetar and f f is the final frequency, when we assume the most significant gravitational wave emission ceases) and averaging over detector antenna pattern. For Advanced LIGO at frequencies 0.5-2 kHz, they give the following formula for S/N :
where S0 ≈ 2.1 × 10 53 Hz −1 is the squared noise spectral density at frequencies between 0.5 and 2 kHz (Dall'Osso et al. 2009 ),
2 KGW , and D is the distance to the source.
Taking D = 20 Mpc, fi = 1.03 × 10 3 Hz, f f = 0.1 Hz, M * = 1.4 M⊙, R * = 10 4 m as an example, also assuming the source is an orthogonal rotator, we plot Λ as a function of B surface [using Eq. (17) to relate Λ and ǫ] for S/N = 0.3, 1, 3, and 10 in Fig. 8 . Note that we obtain generally smaller S/N compared to the predictions made by Dall'Osso et al. (2009) . This is because Dall'Osso et al. (2009 ) used the Cutler (2002 formula, which assumes that the toroidal field dominates and the poloidal field is negligible, to calculate their ǫ, whereas we use Eq. (17) to calculate ours, which is derived self-consistently in Sections 2 and 3 (without neglecting the poloidal component, which makes our star less prolate). According to our model, significant detectability (S/N ≈ 10) for B surface = 5 × 10 10 T is only possible when Λ 0.01, when the star is prolate and the maximum toroidal field strength is ≈ 3500 times the poloidal field strength at the surface; when the field is purely poloidal (Λ = 1), we predict S/N ≈ 0.18 only. 
CONCLUSIONS
Neutron stars in general are not expected to be barotropic (Pethick 1992; Reisenegger & Goldreich 1992) . They possess observable external dipole fields and internal linked poloidal-toroidal fields (Braithwaite & Nordlund 2006; Braithwaite 2009 ). Non-barotropic assumption allows us freedom in constructing such equilibria. 7 In this paper, we model a highly magnetised neutron star as a fluid sphere in hydrostatic equilibrium perturbed by an axisymmetric, poloidal-toroidal magnetic field, whose toroidal component is entirely confined within the star and whose poloidal component is continuous with a dipole field outside of the star. Our model differs from those of previous authors [e.g., Haskell et al. (2008) ] in that we do not assume the star to be barotropic. We then self-consistently calculate the ellipticity caused by density perturbations in a magnetar and derive a simple relation between ellipticity ǫ and the ratio of poloidal to total magnetic field energy Λ. In principle, equation (17) allows one to infer the internal magnetic structure of a neutron star from observable quantities (namely, ellipticity, mass, surface field strength, and radius). For a magnetar with surface dipole field strength of B surface = 5 × 10 10 T, radius 10 km, mass 1.4 M⊙, with a purely poloidal field configuration (Λ = 1), we predict an ellipticity of 3 × 10 −6 and expect such a star to be oblate.
Applying our results to specific situations, we show how current gravitational-wave non-detections can be used to put constraints on the strengths of the internal toroidal magnetic fields of the Crab pulsar and the Cas A CCO. Then, we show that a newly born, fast-rotating magnetar can emit gravitational radiations with energies of ∼ 10 45 J (if Λ = 1 or 0.2) during the first 100 s of its life (on a par with the SGR 1806-20 giant flare) and that a newborn millisecond magnetar in the Virgo cluster can be a stronger candidate for a detectable gravitational wave source than an SGR giant flare. We also predict the signal-to-noise ratio for a source located 20 Mpc away and relate this ratio to Λ.
In this paper, we ignore physical effects such as crustal stiffness, the presence of superfluids, and rotational deformations. These effects warrant further investigation. Furthermore, a fuller model is required to explain details of magnetic reconfiguration. In conjunction with works such as Braithwaite (2009), Braithwaite & Nordlund (2006) , and Braithwaite & Spruit (2004 , our work can also be extended to investigate the implications of magnetic field configurations on various internal aspects of a neutron star, such as the equation of state.
